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1
$\{a_{m}\}_{m\geq 0}$ $k,$ $n$ ,
$H_{n}^{(k)}(\{a_{m}\})=\det(a_{k+i+j})_{i,j=0}^{n-1}$
$=\det(\begin{array}{lllll}a_{k} a_{k+l} a_{k+2} .\cdot a_{k+n-l}a_{k+l} a_{k+2} a_{k+3} .\cdot a_{k+n}a_{k+2} a_{k+3} a_{k+4} .\cdot a_{k+n+1}\vdots \vdots \vdots \ddots \vdots a_{k+n-1} a_{k+n} a_{k+n+1} \cdots a_{k+2n-2}\end{array})$
. ( $0$ 1 . , $H_{0}^{(k)}(\{a_{m}\})=1$ .)
Hankel . , Catalan
2 Hankel .
$m$ ,
$c_{\mathfrak{m}}= \frac{1}{m+1}(\begin{array}{l}2mm\end{array})$ , $b_{m}=(\begin{array}{l}2m+1m\end{array})$ , $d_{m}=(\begin{array}{l}2mm\end{array})$
. $c_{m}$ Catalan , .
(Stanley [8] , 2009 4 3 169 .)
$\{c_{m}\}_{m\geq 0},$ $\{b_{m}\}_{m\geq 0},$ $\{d_{m}\}_{m\geq 0}$ Hankel ,
. ( , [9] .)
1.1. $k,$ $n$ ,
$H_{n}^{(k)}(\{c_{m}\})=\{\begin{array}{ll}1 (k=0 \text{ } )\prod_{1\leq i\leq j\leq k-1}\frac{i+j+2n}{i+j} (k\geq 1 \text{ } )\end{array}$ (1 )
$H_{n}^{(k)}( \{b_{m}\})=\prod_{1\leq i\leq j\leq k}\frac{i+j-1+2n}{i+j-1}$ , (2)
$H_{n}^{(k)}( \{d_{m}\})=2^{n}\prod_{0\leq i<j\leq k-1}\frac{i+j+2n}{i+j}$ . (3)
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Desainte-Catherine-Viennot [2] , (1) Hankel
. $\lambda$ , $\lambda$ Young $k$
(a), (b) ( $\lambda$ )




1 1 2 4
$T=2$ 3 3
4
, $\lambda=(4,3,1)$ . Desainte-Catherine-Viennot , (
) ,
$\sum$ $\#$ SSTab $(\lambda, [k])=H_{n}^{(k+1)}(\{c_{m}\})$
$\lambda\subset\square$(k,2n):
( , Young $k\cross 2n$ $(k, 2n)=((2n)^{k})$
$\lambda$ ) , Viennot [10] ,
$\lambda\subset((2n)^{k})|R^{\text{ }}\star \mathfrak{F}J\sum_{:}\#$
SSTab $( \lambda, [k])=\prod_{1\leq i\leq j\leq k}\frac{i+j+2n}{i+j}$ (4)
.
, (4) , . $T$ ,
$T$ $i$
$m_{i}$ , $x^{T}= \prod_{i=1}^{k}x_{i}^{m_{i}}$ . , SSTab $(\lambda, [k])$
$\sum_{T\in SSTab(\lambda,[k])}x^{T}=s_{\lambda}(x_{1}, \cdots, x_{k})$
, $\lambda$ Schur . , (4) Schur
,
$\sum$ $S_{\lambda}(X_{1},$ $\cdots$ $X_{k)}=(X_{1}\cdots X_{k})^{n}\cdot Sp_{2k}(\square (n,$ $k)|x_{1},$ $\cdots$ $x_{k})$ (5)
$\lambda\subset$ ((2n)k):
, Young $Sp_{2k}(\mathbb{C})$ $Sp_{2k}(\square (2n, k);x_{1}, \cdots, x_{k})$
( \S 2 ) . ( [6] .) , (5) $x_{1}=$
. . . $=x_{k}=1$ , Weyl , (4) .
, , 1.1 Hankel
. , \S 2 ( 1.1





$\lambda=(\lambda_{1}, \lambda_{2}, \cdots)(\lambda_{1}\geq\lambda_{2}\geq\cdots\geq 0)$ $0$
, , $0$ $\lambda$ . ,
$(N+1/2$ $)$ $(\lambda_{1}, \cdots, \lambda_{n})$ $n$
.
, $m$ , $t=$ $(t_{1}, t_{2}, \cdots , t_{m})$ . $m$ $\lambda=$
$(\lambda_{1}, \cdots, \lambda_{m})$ ,
$Sp_{2m}(\lambda;t_{1}, \cdots, t_{m})=\frac{\det(t_{i}^{\lambda_{j^{\sim}\uparrow^{}- m-j+1}}-t_{i}^{-\lambda_{j}-m+j-1})_{i,j=1}^{m}}{\det(t_{i}^{m-j+1}-t_{i}^{-m+j-1})_{i,j=1}^{m}}$







. , $Sp_{2m}(\lambda;t_{1}, \cdots , t_{m})$ , $Sp_{2m}(\mathbb{C})$ $\lambda$
$(Sp_{2m}(\lambda)$ $)$ ( ) . , $O_{M}(\lambda;t_{1}, \cdots , t_{m})$
, $O_{M}(\mathbb{C})$ 2 $\tilde{O}_{M}(\mathbb{C})$ $\lambda$
( $O_{M}(\lambda)$ ) .
$\lambda$ , $\lambda+\frac{1}{2}$
$\lambda+\frac{1}{2}=(\lambda_{1}+\frac{1}{2},$ $\cdots,$ $\lambda_{m}+\frac{1}{2})$
. , $O_{M}(\lambda+\frac{1}{2};t_{1}, \cdots , t_{m})$ $(M=2m$ $2m+1)$
$\prod_{i=1}^{m}(t_{i}^{1/2}+t_{i}^{-1/2})$ ,
$O_{A\prime f}’(\lambda;t_{1}, \cdots, t_{m})=\frac{1}{\prod_{i=1}^{m}(t_{i}^{1/2}+t_{i}^{-1/2})}O_{M}(\lambda+\frac{1}{2};t_{1}, \cdots, t_{m})$
. , $t_{1},$ $\cdots,$ $t_{m}$ Laurent . ,
.
$O_{2m+1}’(\lambda;t_{1}, \cdots,t_{m})=Sp_{2m}(\lambda;t_{1}, \cdots, t_{m})$ ,
36








2.1. $z_{1},$ $\cdots,$ $z_{k},$ $x_{1},$ $\cdots,$ $x_{n-1},$ $y_{1},$ $\cdots,$ $y_{n-1}$ . $\{G_{k}\}$ $\{O_{2k+1}\}$ ,
$\{O_{2k+1}’\},$ $\{$Sp$2k\},$ $\{O_{2k}’\}$ ,
$\det(G_{k+i+j}(\square (k+i+j, 1);z_{1}, \cdots, z_{k}, x_{1}, \cdots, x_{i}, y_{1}, \cdots, y_{j}))_{ij=0}^{n-1})$
$=G_{k}(\square (k, n);z_{1}, \cdots, z_{k})$ . (6)
, $\{O_{2k}\}$ ,
$\det(o_{2(k+i+j)}(\square (k+i+j, 1);z_{1}, \cdots, z_{k}, x_{1}, \cdots, x_{i}, y_{1}, \cdots, y_{j}))_{i,j=0}^{n-1}$
$=2^{n-1}O_{2k}(\square (k, n);z_{1}, \cdots, z_{k})$ . (7)




2.1 1 , 1.1 .
, 2.1 1.1 . , 1
Young
$\dim Sp_{2k}(\square (k,$ $1))=c_{k+1}= \frac{1}{k+2}(\begin{array}{ll}2k +2k +1\end{array})$ ,
$\dim O_{2k+1}(\square (k,$ $1))=b_{k}=(2k +1k)$ ,
$\dim O_{2k}(\square (k,$ $1))=d_{k}=(\begin{array}{l}2kk\end{array})$ ,
$\dim O_{2k}(\square (k,$ $\frac{3}{2}))=2^{k}c_{k}=2^{k}\cdot\frac{1}{k+1}(\begin{array}{l}2kk\end{array})$
, Weyl , Young $\text{ ^{}\backslash }W_{\ovalbox{\tt\small REJECT}}^{\ovalbox{\tt\small REJECT}}$ } $*$frJb-$\grave$ $\kappa_{\backslash ^{\backslash }}$ $\not\in fi$
$\dim Sp_{2k}(\square (k, n))=\prod_{1\leq i\leq j\leq k}\frac{2n+i+j}{i+j}$ ,
$\dim O_{2k+1}(\square (k,n))=\prod_{1\leq i\leq j\leq k}\frac{2n+i+j-1}{i+j-1}$ ,
37
$\dim O_{2k}(\square (k, n))=2\prod_{0\leq i<j\leq karrow 1}\frac{2n+i+j}{i+j}$ ,
$\dim O_{2k}(\square (k, n+\frac{1}{2}))=2^{k}\prod_{1\leq i\leq j\leq k-1}\frac{2n+i+j}{i+j}$
.
, $n$ $M$ , $M$ $i$ , $j$
$n-1$ $\Lambda f_{j}^{i},$ $\Lambda l$ $i$ , $k$ , $j$ , $l$
$n-2$ $M_{j_{J}l}^{i,k}$ . , Desnanot-Jacobi
.
22. $n$ $M$ ,
$\det M\cdot\det M_{1,n}^{1,n}=\det\Lambda/I_{n}^{n}\cdot\det M_{1}^{1}-\det M_{1}^{n}\cdot\det A/$$I_{n}^{1}$ .
Desnanot$-J$ acobi 2. 1 , .
2.3. $z_{1},$ $\cdots,$ $z_{k},$ $x,$ $y$ . $\{G_{k}\}$ $\{O_{2k+1}\}$ . $\{$SP$2k\},$ $\{O_{2k}\}$
, $p$ , ( , $\{G_{k}\}=\{$Sp$2k\}$ $p$
) . ,
$G_{k}($ $(k, p+2);z_{1},$ $\cdots,$ $z_{k})\cdot G_{k+2}($ $(k+2,p);z_{1},$ $\cdots,$ $z_{k},$ $x,$ $y)$
$=G_{k}(\square (k,p+1);z_{1}, \cdots, z_{k})\cdot G_{k+2}(\square (k+2,p+1);z_{1}, \cdots, z_{k}, x, y)$




$t=(t_{1}, \cdots, t_{m})$ Laurent $h_{i}^{G_{m}}(t),$ $e_{i}^{G_{m}}(t)$
.
$\sum_{i=0}^{\infty}h_{i}^{G_{m}}(t)u^{i}=\{\begin{array}{ll}\frac{1+u}{\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u)} (G_{m}=O_{2m+1} \text{ } )\frac{1}{\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u)} (G_{m}=O_{2m+1}’ \text{ } )\frac{1}{\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u)} (G_{m}=Sp_{2m} \text{ } )\frac{1-u^{2}}{\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u)} (G_{m}=O_{2m} \text{ } )\frac{1-v}{\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u)} (G_{m}=O_{2m}’ \text{ } )\end{array}$
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$\sum_{i=0}^{\infty}e_{i}^{G_{m}}(t)u^{i}=\{\begin{array}{ll}(1+u)\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u) (G_{m}=O_{2_{7}n+1} \text{ } )(1-u^{2})\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u) (G_{m}=O_{2m+1}’ \text{ } )(1-u^{2})\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u) (G_{m}=Sp_{2m} \text{ })\prod_{j=1}^{m}(1arrow t_{i}u)(1-t_{i}^{-1}u) (G_{m}=O_{2m} \text{ } )(1-u)\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u) (G_{m}=O_{2m}’ \text{ } )\end{array}$
, $G_{m}=O_{2m+1},$ $O_{2m+1}’$ , Sp$2m’ O_{2m},$ $O_{2m}’$ ,
$h_{i}^{G_{m}}(t)=G_{m}(\square (1, i);t)$ $(i\geq 0)$ ,
$e_{i}^{G_{m}}(t)=G_{n},(\square (i, 1);t)$ $(0\leq i\leq m)$
. , $\lambda$ Jacobi-Tkudi
. ( , [7], [4] .)
3.1. $G_{m}$ $O_{2m+1}$ , $O_{2m+1}’$ , Sp$2m’ O_{2m},$ $O_{2m}’$ . $m$
$\lambda$ ,
$G_{m}( \lambda;t)=\frac{1}{2}\det(e^{G_{n}}{}^{t}\lambda_{i}-i+j(t)+e^{c_{{}^{t}\lambda_{i}^{m}-i-j}}(t))$ .
, ${}^{t}\lambda$ $\lambda$ . ,
${}^{t}\lambda_{i}=\#\{j:\lambda_{j}\geq i\}$ $(i\geq 1)$ .
, $n$ $n$
( 32, 33) . $x=(x_{1}, x_{2}, \cdots)$ $i$ ,
$x[i]=(x_{1}, \cdots, x_{i})$
.
3.2. $x=(x_{1}, x_{2}, \cdots),$ $w=(w_{1}, w_{2}, \cdots)$ . $\{G_{k}\}$ $\{O_{2k+1}\}$ ,
$\{O_{2k+1}’\},$ $\{Sp_{2k}\},$ $\{O_{2k}’\}$ ,
$((-1)^{i-j}h_{i-j}^{G_{j+1}}(x[j+1]))_{i,j=0}^{n-1}\cdot(e_{l+i}^{G_{l+i}}(w[l], x[i]))_{i=0}^{n-1}=(e_{l-i}^{G_{l}}(w[l]))_{i=0}^{n-1}$ .
, $\{O_{2k}\}$ ,
$((-1)^{i-j}h_{i-j}^{G_{j+1}}(x[j+1]))_{i,j=0}^{n-1}\cdot(e_{l+i}^{G_{l+i}}(w[l], x[i]))_{i=0}^{n-1}=(2^{\chi(i\neq 0)}e_{l-i}^{G_{l}}(w[l]))_{i=0}^{n-1}$ .
, $P$ ,
$\chi(P)=\{\begin{array}{ll}1 ( P 71\grave\grave \text{ }7\text{ })0 ( P \text{ })\end{array}$
.
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$t=(t_{1}, \cdots, t_{m})$ Laurent $h_{i}^{o}(t)$
$\sum_{i=0}^{\infty}h_{i}^{o}(t)u^{i}=\frac{1-u^{2}}{\prod_{j=1}^{m}(1-t_{i}u)(1-t_{i}^{-1}u)}$
.
3.3. $y=(y_{1}, y_{2}, \cdots),$ $w=(w_{1}, w_{2}, \cdots)$ . $\{G_{k}\}$ $|$J $\{O_{2k+1}\}$ ,
$\{O_{2k+1}’\},$ $\{Sp_{2k}\},$ $\{O_{2k}\},$ $\{O_{2k}’\}$ ,
$(e_{r+j}^{G_{l+j}}(w[l], y[1i]))_{j=0}^{n-1}\cdot((-1)^{j-i}h_{j-i}^{o}(y[i+1]))_{i,j=0}^{n-1}$
$=(2^{arrow\chi(j=0)}(e_{r+j}^{G_{l}}(w[l])+e_{r-j}^{G_{l}}(w[l])))_{j=0}^{n-1}$ ,







$((-1)^{i-j}h_{iarrow j}^{G_{j+1}}(xb+1]))_{i,j=0}^{n-1}$ , $((-1)^{j-i}h_{j-i}^{o}(y[.i+1]))_{ij=0}^{n-1}\rangle$
1 1 ,
$\det(e_{k+i+j}^{G_{k+i+j}}(z[k], x[i],y[.i]))_{i=0}^{n-1}=\frac{1}{2}(e_{k-i+j}^{G_{k}}(z[k])+e_{k-i-j}^{G_{k}}(z[k]))_{i,j=0}^{n-1}$
, Jacobi-Tlrudi ( 3. 1) , .
. $Sp_{2k}$ , $O_{2k+1}$ , $(no11arrow$
intersecting lattice path) Lindstr\"om-Gessel-Viennot
.
$\bullet\nearrow^{\bullet}\lambda_{\bullet}\nearrow^{\bullet}\backslash _{\bullet}\nearrow\backslash _{\bullet}\nearrow^{\backslash }\backslash _{\bullet}\nearrow^{\bullet}\backslash \nearrow^{\bullet}\backslash \nearrow^{\bullet}\backslash \nearrow^{\bullet}\backslash _{\backslash }^{\bullet}\nearrow^{\backslash }\backslash \nearrow^{\backslash _{\backslash }}$.
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4 Hankel
, , (Schur )
.
4.1. $z=(z_{1}, z_{2}, \cdots)$ ( ) . ,
$\det(e_{k+i+j}(z, x[i-1], y[j-1]))_{i,j=0}^{n-1}=(-1)^{n(n-1)/2}s_{\square (k+n-1,n)}(z)$ ,
, $e_{l}$ $t$ , $s\lambda$ $\lambda$ Schur .
Desnanot-Jacobi ( 2.2) ,
42. $z=(z_{1}, z_{2}, \cdots)$ ( ) ,
$-s_{\square (k+n+1,n^{\lrcorner}- 2)}(z)\cdot s_{\square (k+n+1,n)}(z,$ $x,$ $y)$
$=s_{\square (k+n,n+1)}(z)\cdot s_{\square (k+n+2,n+1)}(z,$ $x,$ $y)$
$-s_{\square (k+n+1,n+1)}(z,$ $x)$ $S$ (k $+$n $+$ l,n$+$ l) $(z,$ $y)$
, Catalan Hankel (1) .
Catalan
$\sum_{m=0}^{\infty}c_{m}x^{m}=\frac{1-(1-4x)^{1/2}}{2x}$
. Gessel-Xin [3] ,
$\sum_{m=0}^{\infty}g_{m}x^{m}=\frac{1-(1-9x)^{1/3}}{3x}$ ,
$\sum_{m=0}^{\infty}g_{m}’x^{m}=\frac{1-(1-9x)^{2/3}}{3x}$
$\{g_{m}\},$ $\{g_{m}’\}$ , Hankel .
4.3. (Gessel-Xin [3])
$H_{n}^{(0)}( \{g_{m}\})=3^{n(n-1)/2}\prod_{i=0}^{n-1}\frac{(3i+1)!}{(n+i)!}$ , (8)







, . ( (alternating sign matrix)
(plane partition) , Bressoud [1]
.)
Catalan Hankel (1) Gessel-Xin Hankel (8), (9) ,
. $\lambda$ , $u$ $D_{\lambda}(u)$
$D_{\lambda}(u)= \prod_{x\in\lambda}\frac{u+c(x)}{h(x)}$
( , $x=(i,j)$ $\lambda$ Young , $c(x)=j-i$ $x$ ,
$h(x)=\lambda_{i}+{}^{t}\lambda_{j}-i-j+1$ $x$ ) . ,
$n$ $n$
$\lambda$ , $D_{\lambda}(n)$ GL$n(\mathbb{C})$ $\lambda$
. , Catalan Gessel-Xin $g_{m},$ $g_{m}’$
$c_{m}=(-1)^{m}2^{2m+1} \cdot D_{\square (m+1,1)}(\frac{1}{2})$ ,
$g_{m}=(-1)^{m}3^{2m+1} \cdot D_{\square (m+1,1)}(\frac{1}{3})$ ,
$g_{m}’=(-1)^{m}3^{2m+1} \cdot D_{\square (m^{\lrcorner}- 1,1)}(\frac{2}{3})$
1 Young $\square (m+1,1)$ $D_{\square (n\iota+1,1)}(u)$ .
$D_{\lambda}(u)$ Schur $s_{\lambda}$ (Macdonald $[$5, I.3, Ex. 4]
) , Schur Jacobi-Tkudi , $\{D_{\square (m,1)}(u)\}_{m\geq 0}$
Hankel .
44. $k,$ $n$ ,
$H_{n}^{(k)}(\{D_{\square (m,1)}(u)\})=(-1)^{n(n-1)/2}D_{\square (k+n-1,n)}(u)$ .
, $u= \frac{1}{2},$ $\frac{1}{3},$ $\frac{2}{3}$ , (1), (8), (9) .
[1] D. M. Bressoud, Proofs and Confirmations : The Story of the Altemating Sign
Matrix Conjecture, Cambridge Univ. Press, 1999.
[2] M. Desainte-Catherine and X. G. Viennot, Enumeration of certain Young $tablea\iota\iota x$
with bounded height, in “Combinatoire \’Enum\’erative’’ (eds. G. Labelle and P. Ler-
oux), Lecture Notes in Mathematics 1234, Springer-Verlag, 1986, pp.58-67.
[3] I. M. Gessel and G. Xin, The generating function of ternary trees and continued
fractions, Electron. J. Combin. 13 (1) (2006), #R53.
42
[4] K. Koike. Representations of spinor groups and the difference characters of $SO(2n)$ ,
Adv. Math. 128, 40-81.
[5] I. G. Macdonald, Symmetric Functions and Hall Polynomials (2nd ed.), Oxford
Univ. Press, 1995.
[6] S. Okada, Applications of minor-summation formulas to rectangular-shaped repre-
sentations of classical groups, J. Algebra 205 (1998), 337-367.
[7] , ( ), , 2006.
[8] R. P. Stanley, Catalan addendum, http: $//math$ . mit. edu$/\sim rs\tan/$ec/
[9] U. Tamm, Some aspects of Hankel matrices in coding theory and combinatorics,
Electronic J. Combin. 8 (2001), $\#$ Al.
$[10|$ X. G. Viennot, A combinatorial interpretation of the quotient-difference algo-
rithm, in “Formal Power Series and Algebraic Combinatorics” (eds. D. Krob,
A. A. Mikhalev, and A. V. Mikhalev), Springer-Verlag, 2000, pp.379-390.
43
